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The Planck constant h and 

the Dirac constant ħ.

Their units and their history



Maxwell. J. C. (1873),  A Treatise on Electricity and 

Magnetism, Oxford: Oxford University Press

Quantity calculus: The expression for the value of a 

physical quantity is the product of a numerical value 

and a unit of measurement.

For example, the speed of light:

c = 299 792 458 m s-1

or    c = 1 079 252 848.8 km hr-1

value    =                numerical value     x        units



“Dividing” by the units we can relate the 

different numerical values of a quantity.

c = 299 792 458 m s-1

or    c = 1 079 252 848.8 km hr-1

c/(km hr-1) = 1 079 252 848.8 

c/(m s-1) = 299 792 458 

thus  c/(km hr-1) = 3.6 x c/(m s-1) 
Numerical value of 

speed of light in km hr-1 =  3.6 x
Numerical value of 

speed of light in m s-1



Millikan (Phys. Rev., 7, 355 (1916)) was the first person

to make a good determination of the value of the Planck

constant. He used the photoelectric effect. He wanted to 

test Einstein’s theory that the energy of a photon is given by

E = hν.

Millikan thought Einstein’s theory was wrong. 

Measuring the value of 

the Planck constant h
Robert Millikan

1868-1953



Einstein’s theory, E(photon) = hν, leads to the prediction

of the photoelectron kinetic energy as a function of ν:

For all materials the slope of Ekin vs frequency has slope h.

W0/h
ν

0

Ekin = hν – W0

Electron

kinetic 

energy

Frequency of radiation

Millikan separates Einstein’s theory, E(photon) = hν, 

from the “Einstein equation” Ekin = hν – W0. He verifies

the Einstein equation and determines h. 

W0 is the work

function: The 

energy needed to

remove an electron.



Millikan’s paper describes 10 years of work in which he uses cleaned lithium and 

sodium surfaces (in vacuo) with seven different mercury lines (from 2399 Å to 

5461 Å) to measure electron energy as a function of frequency. He confirms 

Einstein’s equation. 

In the penultimate section of his paper Millikan writes:

)Ekin = hν – W0



Millikan’s grudging summary:

Millikan uses cgs units for the value of h without 

spelling them out. The units we spell out for the 

value of h are incomplete, as we shall see.



h is Energy/Frequency

In Millikan’s day (and later) frequency was quoted in cycle s-1.

“The inversion frequency of ammonia” by

W.E.Good Phys Rev 69, 539 (1946) quotes:

ν = 23.838 x 109 cycle s-1

Energy: Dimensions M L2 T-2 and units kg m2 s-2 = J.

Frequency: Dimensions T-1 and units radian s-1 or cycle s-1

But nowadays (because angular measure is considered 

dimensionless) in SI we write this as:

ν = 23.838 x 109 s-1 = 23.838 x 109 Hz.

SI drops angular measure (i.e., radian or cycle) as 

a unit. This impacts the units on h as we shall see.

Planck and then Einstein introduced E = hν



Numerical value of 

frequency in radian s-1 =  2π x
Numerical value of 

frequency in cycle s-1

ν/(radian s-1)  =  2π x ν/(cycle s-1)

ω/(s-1) = 2π[ν/(s-1)]  OR ω/(Hz) = 2π[ν/(Hz)]

The units used for frequency

In SI we cannot write this equation since SI 

does not include units for angular measure.

SI uses the symbol ω for frequency in radian s-1

and ν for frequency in cycles s-1. So in SI, 

where the units radian and cycle are not used,

the numerical values of ω and ν are related as:



Treating the speed of light in the same funny way,

it is as if instead of

c = 299 792 458 m s-1

and c = 1 079 252 848.8 km hr-1,

we were to choose different names for the quantity

“speed of light” according to the units, for example 

c = 299 792 458 m s-1

and d = 1 079 252 848.8 km hr-1.

Although the numerical values are related by

d/(km hr-1) = 3.6 c/(m s-1), 

we do not have      d = 3.6 c.

We do have           d = c

since both are the value of the quantity “speed of 

light” (but in different units). 



Thus, as regards the quantity “frequency,” 

which is represented  by ω when measured 

in radians s-1 and ν when measured in 

cycles s-1, the equation

ω = 2πν

holds only if the symbols ω and ν represent 

the numerical values of the frequency in 

their particular chosen units rather than 

their actual values. The actual values have 

dimensions and units; they satisfy the 

equation

ω = ν.



Numerical value of 

PC in J s cycle-1 =  2π x
Numerical value of 

PC in J s radian-1

h/(J s cycle-1)  =  2π x h/(J s radian-1)

In SI we cannot write this equation since SI 

does not include units for angular measure.

Similarly for the Planck constant h



h/(J s cycle-1)  =  6.626 070 150 x 10-34

h/(J s radian-1) = 1.054 571 818 x 10-34

The correct use of quantity calculus:

=  [h/(J s cycle-1)]/ 2π

h/(J s)  =  6.626 070 150 x 10-34

ħ/(J s)  =  1.054 571 818 x 10-34

But SI uses the symbol ħ and writes:

=   [h/(J s)]/2π.



h and ħ are each the value 

of the Planck constant.

The former uses the 

units J s cycle-1, and 

the latter uses the 

units J s radian-1.

For their numerical values

it is true that ħ = h/2π. 



h/(J s)  =  6.626 070 150 x 10-34

ħ/(J s)  =  1.054 571 818 x 10-34

In SI:

= [h/(J s)]/2π.                   ħ = h/2π

ħω = hν

ω/(Hz)  =  2π [ν/(Hz)]                  ω = 2π ν

The energy of a black body oscillator or a photon

Also in SI:

E/(J) = ħ/(J s)ω/(Hz) = h/(J s)ν/(Hz)

For their numerical values

Correct for values

For their numerical values

and numerical values



1. Planck (black bodies) E = hν

2. Einstein (photons) E = hν

3. Bohr (H-atom): 

4. Stationary states have  

5. angular momentum = nh/2π.     

spectral lines have hν = (E1 – E2)

History of h and h/2π.
Many apparently unconnected appearances



Dirac, Proc. Roy. Soc., A112, 661-677 (1926)

Schrödinger, Ann. D. Phys., 79, 361-376 (1926)

Heisenberg, Zeits. f. Phys., 33, 879-893 (1925)

Schrödinger wave equation has K = h/2π

Dirac writes:  “where ħ is (2π)-1 times the 

usual Planck’s constant”

Introduction of ħ notation

4. Quantum mechanics: 

Note ω and h/2π

For the harmonic oscillator Heisenberg gets:



Pp 86-87 from Dirac’s Book “The Principles of Quantum Mechanics” (1930)

Let us try to introduce a quantum Poisson Bracket which shall be 

the analogue of the classical one…………………………………….

……………………………………………………………………………

Dirac’s introduction of ħ in his book 

From analogy between quantum mechanics and classical mechanics

………………



But not unit-less

radian-1

eix = cos x + i sin x x is the numerical value of the angle in radians

Thus S/ħ has to be numerical value in radians. S is numerical value in erg s, 

so we must use numerical value of the Planck constant in erg s radian-1.

Landau and Lifshitz,   Page 20

Quantum Mechanics 
Wave optics and geometrical  optics

Everything in red added by us in this image.

Landau and Lifshitz do not explain why they use the numerical value of ħ.


